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If we substitute the value of K from Eq. (13) into Eq. (12),
the following expression for the terminal velocity of the
bubble is obtained:

Ve = (= opA)R, [(R/R) — 117/ (4p) (14

With order-of-magnitude analysis, it may be shown from
the results that the radial pressure gradient resulting from
liquid acceleration near the ends of the slug is negligible
compared to the axial pressure gradient in the liquid film when
ry is sufficiently close to 1, for both small and large Reynolds
numbers. Also, analysis of the normal stress balance at the

- interface reveals that the surface deformation is negligible if
(—op) AL/0 < 1, i.e., Ac/o over the bubble surface is small
compared to 1.

Equation (14) shows that the terminal velocity of the gas
slug depends on do/d7, the viscosity of the liquid, the
imposed temperature gradient, and the slug and tube radii, but
is independent of the length of the slug. It is also interesting to
note that the terminal velocity does not depend on the thermal
diffusivity of the liquid, even though convective terms have
been retained in the energy equation. This is because of the
fully developed nature of the flow. Some representative values
of the terminal velocity of a gas slug of radius 0.4 cm in a tube
of radius 0.5 cm and subjected to a temperature gradient of
0.1°C/cm are 0.2 cm/s for liquid nitrogen, 0.07 cm/s for
water, and 0.7 cm/s for lithium. The authors are not aware of
any published results to compare the predicted values of the
terminal velocity of the gas slug.

Conclusions

The steady-state motion of a large gas slug inside a tube
filled with liquid and subjected to a linear temperature
variation has been analyzed by taking into account the
thermally induced gradient of the gas-liquid surface tension.
An expression for the terminal velocity of the gas slug has
been obtained.
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lar circular conduit are traditionally based on lumped-parame-
ter studies. The analysis presented herein of convective heat
transfer in an annular circular tube subjected to a uniform
outside wall temperature is based on actual velocity and temp-
erature fields.

Fully developed laminar flows prevail over most of the flow
length in highly compact heat exchangers that employ
continuous flow passages geometries. Fully developed laminar
flows also prevail in process heat exchangers that have highly
viscous liquids as working fluids.

The exact temperature distribution for flows of an annular
pipe subjected to a uniform wall heat flux was recently made
available by Ebadian et al.!' Using this distribution as a
starting temperature field and employing the successive iter-
ation method presented by Kays and Crawford,’ Eckert and
Drake,” Gebhar,® Bejan,” and Arpaci and Larsen,'® the
temperature fields in both flows are obtained analytically.
Calculations were only carried out to the end of the first
iteration. This is partly because of the increasing complexity
of the calculations. However, even after one cycle of itera-
tions, the values obtained for heat transfer characteristics
corresponding to the limiting cases (simple circular pipe flow)
are sufficiently close to classical values. For example, the
Nusselt number for a circular section obtained after one
iteration is 3.7288 compared to the exact value of 3.6568. One
recent application of the successive iteration method is
described in Ebadian et al.’? where it was applied to the
convective heat transfer problem of a single flow in an elliptic
conduit and gave satisfactory results.

It was shown in Ebadian et al.!! that the dimensionless heat
transfer coefficients (Nusselt numbers) on the outer and inner
separating surfaces of an annular circular pipe can be defined
in three different ways (cases I, II, ITI, respectively). Since case
I of Ebadian et al.!! is most often applied in practical appli-
cations, only this case will be used in these calculations.
According to this case, the heat transfer coefficients are based
on the mixed flow bulk temperature of the inner and outer
flows. The thickness and the thermal resistance of the inner
separating wall are also neglected herein. The numerical
results are given in graphical form. No experimental work was
done and none is reported in the literature.

The importance of this work is in the design of heat
exchangers. This information is necessary for designers as well
as for the practitioner.

Temperature Fields

By neglecting the thermal resistance of the inner separation
wall, and considering the secitons located sufficiently far from
both entrances of the conduit where hydrodynamically and
thermally fully developed flow conditions prevail, the continu-
ity of temperature distribution is maintained by the forms

T,=CZ +E,(X,Y), T,=CZ+E,+E/(X,Y) (1)
where T,, T; and E,, E; indicate the temperature and excess
temperature distributions in outer and inner regions, respec-
tively, for a constant heat flux condition. Ej, represents the
temperature at the inner separation surface for a constant heat
flux case.

The continuity of the two temperature fields to be deter-
mined is satisfied by the following forms:

7,=E,(X,Y) and T,=E, +E, )
together with the boundary condition T, = 0 at the wall.

It must be noted that this selection cannot impose any
restriction, and it can be used without any loss of generality of
the problem. Therefore, the quantities E,, E;, and E
represent cap temperatures in the outer and inner regions and
at the separation surface, respectively.
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The energy equations to be satisfied in the inner and outer
flow regions are

czZ-7,.. 13 < aTo>
cz-1," =Rk \R3x (3a)
CZ-T ., 138 < a_T,->
cz-1,"" " rar \R 3R (3b)

where T, is the mixed mean temperature of the combined flow
for constant heat flux (e.g., see Ref. 11).

The energy equations to be satisfied in each flow region
expressed in dimensionless variables are,

ac(Pr),e,w, 1 6( %er> for w<r<l (4a)
(Pr);(e; + e) ____<a_e> for o<r< (4b)
ac(Pr);(e; + e,)w; FAUE %)
where
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and r is the dimensionless radial coordinate defined relative to
the conduit radius L.
The boundary conditions for &, and ¢; are

_ de; _
eo—o,E—o for r=o0 (6a)
e, =&y, &=0 for r=ow (6b)

where the functions e, and e; for constant heat flux are given
in Ref. 8.

The solutions to Eq. (4) under the boundary conditions
shown in Eq. (6) are determined by

e.
e,=aG, {Eﬁ (By tn®r + Bor?far + By Inr + Byr? + Bo)r?
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where the factors B, M,, N,, M,, N, are calculated explicitly
in terms of w.
Heat transfer continuity on the inner separating surface is
satisfied by the relation
de;
_ k_<_,> 8
&) ®)

oe,
"°<E> i

This condition, after introducing an alternate dimensionless
temperature on the separating surface as § = g, G,, will yield

B= —awGo[B<Cl 0 + C, I + Cy {% + C4>
6]
+ Cs bdw + Cg bPw + C; baw + Cy
o2 ) o

where the factors C are calculated explicitly in terms of w.
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Heat Fluxes and Heat Transfer Coefficients

The rate of heat flow per unit length of conduit, through the
outer and inner surfaces, considered positive when flowing
into the outer region, is expressed, respectively, as [e.g., see
Ref. (13)]:

U, —-27rLF<ae> ,
ar/,_,

de, >
U = 27erF(ar a0

Substituting e, and e, from Eq. (7), one obtains

U, = 27LFG, [aG(,(% D, + D2> + EBB} (11a)

U= —27xLFoG, [aG < B E + E2> + i] (11b)
P

where factors D and E are calculated explicitly in terms of w.

The Nusselt numbers herein are defined using the definition
given in Ebadian et al.,!! for case I where the inner and outer
wall heat transfer coefficients are based on the mixed flow
bulk temperature is expressed as

- 1
Tp=—m————
" CpoQo + Cpi Qi
x<cpog!,, w,T, dA+Cp,,S iW,T,dA) (12)
where C,,, A, and C,, A; are the specific heat and cross-

sectional area for the outer and inner passages, respectively.
The heat transfer coefficients on the outer wall and on the
inner separating surface (h,, A;) are calculated from

U,= Ty — T.y) 27Lh,,
Uy = (Tya + Ein — T,,)) 210Lh; 13)

where T, = 0.

Selecting the fluid in the outer passage as the reference
fluid, the dimensionless heat transfer coefficient (the Nusselt
numbers) on each surface based on their respective diameters
are defined by

(Nu), = (2L/k,)h,  and  (Nu),= (2wL/k,)h, (14)

The expression for a in Eq. (5) can be changed into the form

+ Vanwt

4Go=""1777G.) + Van'B —BU,/G,)

15)

Equating the heat flow expressions in Eq. (11) and Eq. (13),
and simplifying, gives

B > 8
aGo<D, ot D)+ =
_1(J,/G,) + n(J/G,) — Vanw'B,
- e (Nu), (16a)
8 ) B
aG, <E ﬂn +E2 W+ faw
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An inspection of the expressions for (Nu), and (Nu), reveals
that the Nusselt number for an annular pipe maintained under
a constant wall temperature, besides the geometric factor w,
depends on the following parameters:

1) The ratio of the thermal conductivity of the fluid within
the inner and outer passages (k).
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2) The product &, and the ratio of the Peclet numbers &,
for the flows within the inner and outer passages (n = ky k.,
the heat exchange number of an annular pipe).

Results and Discussion

Selecting a value for the ratio of the thermal conductivity of
two fluids to be k, = 1, and using four values (1, 10, —1,
— 10) for the dimensionless heat exchange number 7, the
Nusselt numbers are plotted against the dimensionless radius
of the separating surface. The resulting curves are presented in
Figs. 1 and 2. In order to compare these results with the case
of constant wall heat flux conditions, the ratio of the Nusselt
numbers for constant heat flux to those for constant wall tem-
perature are also plotted against the dimensionless radius of
the separating surface while using the same numerical factors
used above. These results are presented in Figs. 3 and 4.

Figure 1

These curves show the variation in the outer wall Nusselt
number (Nu), as a function of the dimensionless radius () of
the separating surface for four values of the heat exchange
number 5 (i.e., 1, 10, — 1, — 10) corresponding to parallel
and counterflow arrangements. It can be observed that in the
limiting cases of w =0 and w =1, the system reduces to a
simple pipe having a single flow maintained under constant
wall temperature. The value of the Nusselt number obtained
for this case is 3.7288, which is not exactly the same as the
classical value of 3.6568. The reason is that, in this analysis,

3.7289
NUo
0
CORE SIZE,w
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Fig. 2 Inner Nusselt number vs the core size.
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the calculations are only carried through the first approxima-
tion. The curves show that the outer wall Nusselt number for
an annular tube with = 1.0 has a larger value than that of a
simple pipe when w is between 0.0 and 0.5417, and has a
smaller value than that of a simple pipe, when w is between
0.5417 and 1.0. For an annular tube with » = 10.0, the same
behavior holds, except the transition occurs at a smaller value
of w=0.3220. In case of counterflow arrangements with
n = —1.0 and n = —10.0, curves have vertical asymptotes at
w=0.4745 and w = 0.3348, respectively. These points corre-
spond to the special cases for which the bulk temperature of
the combined flow of the counterflow arrangements vanishes.

Figure 2

These curves show the variation of the inner Nusselt num-
ber (Nu); of the inner separation surface with the dimension-
less radius (w), for four values of heat exchange number 5
(i.e., 1,10, — 1, — 10), corresponding to parallel and counter-
flow arrangements. One can observe that for the limiting case
of w = 1.0, the system reduces to a simple pipe and the Nusselt
number approaches a value of 3.7288, whose significance has
already been discussed. For the other limiting case of w =0,
the internal surface disappears and consequently, the dimen-
sionless heat transfer coefficient becomes zero. In case of a
parallel flow arrangement, both curves have vertical asymp-
totes at w = 0.5290 and w = 0.4180, respectively. The physical
significance of these special points is that for these w values,
the bulk temperature of the combined flow becomes equal to
the temperature of the inner separating wall. In case of a
counterflow arrangement, one can observe that for 3 = —10.0,
the Nusselt number has positive values when 0.2667 < w
=< 0.3673. This corresponds to a situation where the heat
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Fig. 3 Ratio of outer Nusselt number with constant wall heat flux to
constant wall temperature.
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transfer through the separation wall is taking place from inner
to outer flow. For all other values of w, the heat transfer direc-
tion at the separation surface is from outer to inner flow. The
curve for = — 1.0 displays a similar behavior, with the dif-
ference being that the w interval shifts to a new position of
0.4622 < w < 0.5604.

Figure 3

These curves show the variation of the ratio of the Nusselt
numbers for constant heat flux (Nu,) g to the Nusselt number
for constant wall temperature (Nu, ), for four values of heat
exchanger number 7 (i.e., 1, 10, — 1, — 10), corresponding to
parallel and counterflow arrangements. It can be observed
that for parallel flow arrangements this ratio is always greater
than one. In the limiting cases of w = 0 and w = 1.0, corres-
ponding to the case of a simple pipe, the ratio obtained has a
value of 1.1703. The classical value of this ratio is 1.1930. This
discrepancy is attributed to the fact that the analysis presented
herein includes only the first approximation from the ‘‘itera-
tion method’’ used. Moreover, there is a particular value of w
for parallel flow arrangement (i.e., w = 0.4340) for which a
phenomenon occurs. When the core size is smaller than this
number, the ratio of the Nusselt numbers for 4 = 1.0 is smaller
than the ratio of the Nusselt numbers for = 10.0. When the
core size is greater than 0.4340, the opposite phenomenon
occurs. In case of a counterflow arrangement, the curve with
17 = 1.0 has one vertical asymptote at w = 0.5536, and the
curve with n= —10.0 has another vertical asymptote at
w = 0.3849. The physical significance of these asymptotes is
such that they correspond to « values of Fig. 1 for which
(Nu), vanishes.

Figure 4

These curves show the variation of the ratio of the inner
Nusselt number for constant heat flux (Nu;) 4 to constant wall
temperature (Nu; ) for four values of heat exchanger number
n (i.e., 1,10, — 1, — 10), corresponding to parallel and coun-
terflow arrangements. As in the previous limiting case of
w = 1.0, the ratio has the same value of 1.1703 representing
the simple flow situation. However, in the limiting case of
w = 0, the ratio is approaching a value of zero. The curve with
n = 1.0 has an asymptote at w = 0.5483, and the curve with
n = 10.0 has a asymptote at w = 0.4111. The meaning of this
behavior is that, at some values of w, these curves are crossing
the horizontal axis. That is, at these w values, the heat transfer
at the separating surface is changing its direction. Moreover,
for both cases where n = 1.0 and n = 10.0, the ratio has an
optimum value of 0.85 at w = 0.0350. In case of counterflow
arrangements, the curve with » = —10.0 has an asymptote at
w = 0.2667 and the curve with n. = — 1.0 has an asymptote at
w=0.4622.
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Theme

UNCTIONS for friction coefficients are presented for

flow in a pipe with mass injection or extraction. The
expressions are valid for compressible flows (Mach numbers
as high as 1) with very large mass injection or extraction rates
(radial Reynolds numbers up to 20,000). In order to develop
these relationships, a porous pipe with air injection and
extraction was studied experimentally and numerically. For
the numerical model, the compressible, axisymmetric, Navier-
Stokes equations were solved using MacCormack’s explicit
finite-difference method. No boundary-layer assumptions
were made. Experimentally, pressure variations axially and
velocity variations axially and radially inside the porous pipe
were measured. The experimental data were used to show that
numerical solutions gave valid results. Friction coefficient
expressions were developed using the numerical data. They
were shown to give excellent results when used in a one-dimen-
sional model to predict compressible flow dynamics resulting
from mass injection/extraction.

Contents

Figure 1 is a representation of the system studied experimen-
tally and numerically. During the experiment a high-pressure
air source (6.9 x 10° N/m? gage) provided air that was injected
radially into a porous pipe. The air would then flow axially
down the pipe and exit radially through a second section of
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